A study of the origin of structures in the energy dependence of electron bremsstrahlung is presented. There is a similarity between classical and quantum results. In the quantum case a connection between zeroes of dipole matrix elements and structures in the bremsstrahlung cross section and asymmetry parameter is established. In the classical case it is found that classical trapping, which results in a singular behavior of the scattering angle with impact parameter, is not directly responsible for the observed structures.
INTRODUCTION
We present here a study of the origin of structures in the energy dependence of the electron bremsstrahlung cross section kdσ dk and the asymmetry parameter a 2 for a given ratio of photon energy k and projectile electron energy T . The asymmetry parameter characterizes the angular distribution of radiation:
where Ω k is the photon emission angle and P 2 is the Legendre polinomial. We illustrate the structures for the case of an Al atom in Fig. 1 (for calculations performed in a quantum approach) and in Fig. 2 (for a classical approach). The structures were first seen in numerical calculations of angular distributions of electron bremsstrahlung in a screened atomic potential for Al within the framework of classical electrodynamics (1) . Similar features were later observed in the corresponding quantum case for Eu (2) . Here we show our quantum results for Al, which are qualitatively similar to the classical results. We have subsequently also seen similar structures in the energy dependence of the classical cross section (3), see Figs. 1 and 2. The correspondence between classical and quantum structures encourages the belief that they are real physical phenomena. (However modifications due to classical (4) or quantum (5) polarizational bremstrahlung from the atomic structure have not yet been examined.)
It had initially been noted (1) that in the classical case these structures were developing as the electron en- It had been supposed (1) that the classical structures were connected to the onset of trapping. Our present studies show that, to the contrary, the observed structures are not directly associated with the trapping or the resonances: The near-singular region of classical scattering does not contribute to the cross sections. Shape resonances do not affect the quantum asymmetry parameter (in fact resonances are not present at these energies), but the structures are rather associated with the presence of zeroes in dominant matrix elements. (Of course there are connections among these phenomena, just as the number of zeroes in a matrix element is connected with the number of bound states in a potential (6) .)
In the next two sections we will describe the classical and then the quantum approaches, particularly focusing on the soft photon limit situation, simpler to describe and already illustrating the structure features.
CLASSICAL DESCRIPTION
A classical approach may be used for the description of bremsstrahlung processes at low projectile energies, both in the point Coulomb potential (7) and in screened atomic potentials (1, 3, 8) . The motion of a beam of projectiles in the scattering potential is calculated in the frame of classical mechanics, and classical electrodynamics is used to obtain the radiation on electron orbits and the resulting radiation spectrum. Analytic results are available in the point Coulomb field case, for both the spectrum (9) and for the asymmetry parameter (7); both have been tabulated (7). Numerical results, as illustrated in Fig. 2 , have been obtained for screened potentials (1, 3), obtaining structures (oscillations) which are not present in the Coulomb case. (In (1) the structures in the spectrum had not been observed because, as discussed in (3), the spectra were plotted with a scaling factor T =Z 2 which masked the behavior. ) We see from Fig. 2 that the main features of the structures are already present in the soft photon limit case, for which the description and procedure of calculation may be simplified. In this case the expressions for the spectrum and asymmetry parameter may be written as (we use the atomic system e =h = m = 1)
For energies near the maximum trapping energy T M a singular behavior develops in L, as illustrated in Fig. 4 . We have been able to obtain an expression for this behavior by making an expansion of φ(T; L) in Taylor series  about the 
where
, and
This expression well characterizes the singular behavior of the scattering angle and also the right wing of the peak, but it soon fails in the left wing (see Fig.) . One might suppose that this singular behavior is responsible for the observed structures or oscillations in the spectrum and asymmetry parameter. However, in fact, a singular behavior in φ(T; L) leads to rapid oscillations of the trigonometric functions of Eqs. 3,4, so that such a region does not contribute in the integration over impact parameters. One can see this analytically. (This result is contrary to the suggestion in (1) that oscillation in φ is unlikely to be averaged by the integration.)
Thus we conclude that the trapping singularity which occurs in screened potentials is not directly responsible for the observed oscillations.
QUANTUM DESCRIPTION
Our calculations indicate that the structures seen in classical bremsstrahlung are also can be found in the quantum case (Fig. 1) . The similarity is only qualitative.
In a quantum calculation one obtains the spectrum and asymmetry parameter by summing contributions of dipole transition radial matrix elements of low initial and final angular momentum. The expressions for the spectrum is (2)
where l 1 and l 2 are the orbital momenta of the projectile electron in initial and final states, l > = max(l 1 ; l 2 ), < ν 2 jjrjjν 1 > is the dipole matrix element between states jν 1 > and < ν 2 j. Quantum expression for the asymmetry parameter is rather complicated and we do not write it here.
Magnitudes of the terms in Eq. 6, which give the main contribution to the total cross section are shown in Fig. 5 . The main features can again be understood from the soft photon case, on which we will now focus.
It is evident that within this formalism the structures in the spectrum (and similarly in the asymmetry parameter) are to be understood as resulting from zeroes in dominant radial matrix elements. In the spectrum at low energy the transition matrix elements 0 ! 1 and 1 ! 0 are dominant; we are denoting the matrix elements by the initial and final orbital momenta of the projectile electron. These then decrease to have zeroes, resulting in a minimum.
Note, that in the soft photon limit, k=T ! 0, matrix elements 0 ! 1 and 1 ! 0, 1 ! 2 and 2 ! 1 and so on are equal, while for larger k=T the behaviors of the pairs of matrix elements are more spread out, resulting in less pronounced structures. Comparing results for different k=T , one can also see that the positions of zeroes in matrix elements vary with the energies of the initial and final states; the trajectories of the positions of matrix element zeroes have been discussed in (6) . Note also that from this viewpoint we would not expect further structures at still lower energies, unless the transition 0 $ 1 had further zeroeswhich it should not, based on our other work (6). This had not been clear in the numerical classical calculations, which failed for energies too near the maximum trapping energy T M .
We see that the classical and quantum structures are qualitatively similar. Perhaps this reflects a connection between classical trapping and quantum bound states and resonances. It is known that there is a connection between numbers of bound states and numbers of matrix element zeroes (6) . Evidently further study is needed.
